Dynamical structure of Pure Lovelock gravity by Dadhich, Naresh et al.
ar
X
iv
:1
51
1.
02
54
1v
1 
 [h
ep
-th
]  
8 N
ov
 20
15
Dynamical structure of Pure Lovelock gravity
Naresh Dadhich1,2∗, Remigiusz Durka3†, Nelson Merino3‡, Olivera Miskovic3§
1Centre for Theoretical Physics, Jamia Millia Islamia,
New Delhi 110 025, India, and
2Inter-University Centre for Astronomy & Astrophysics,
Post Bag 4 Pune 411 007, India
3Instituto de F´ısica, Pontificia Universidad Cato´lica de Valpara´ıso,
Casilla 4059, Valpara´ıso, Chile
August 30, 2018
Abstract
We study dynamical structure of Pure Lovelock gravity in spacetime dimensions
higher than four using the Hamiltonian formalism. The action consists of cosmolog-
ical constant and a single higher-order polynomial in the Riemann tensor. Similarly
to Einstein-Hilbert action, it possesses a unique constant curvature vacuum and
charged black hole solutions. We analyze physical degrees of freedom and local
symmetries in this theory. In contrast to the Einstein-Hilbert case, a number of de-
grees of freedom depends on the background and can vary from zero to the maximal
value carried by the Lovelock theory.
1 Introduction
Lovelock-Lanczos gravity [1, 2] is a natural generalization of General Relativity to higher di-
mensions. It provides the most general gravity action yielding the second order field equations
in the metric gµν(x). In a (d+ 1)-dimensional spacetime, the action is given by
I[g] =
∫
dd+1x
[d/2]∑
k=0
αkLk . (1.1)
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Each term in the sum is characterized by the coupling constant αk multiplied by the dimension-
ally continued Euler density Lk of order k in the curvature,
Lk = 1
2k
√−g δµ1...µ2kν1...ν2k Rν1ν2µ1µ2 · · ·R
ν2k−1ν2k
µ2k−1µ2k . (1.2)
Here Rαβµν is the Riemann curvature tensor and δ
µ1...µ2k
ν1...ν2k is the totally antisymmetric generalized
Kronecker delta of order k defined as the determinant of the k × k matrix [δµ1ν1 δµ2ν2 · · · δµkνk ]. This
kind of action, polynomial in curvature, is of significant interest in theoretical physics because it
describes a wide class of models. It has been shown in Refs. [3, 4] that, for arbitrary constants
αk, a degeneracy may appear in the space of solutions because the metric is not fully fixed by the
field equations. For instance, if the action has non-unique degenerate vacua, then the temporal
component gtt of any static spherically symmetric ansatz remains arbitrary [5]. This problem
can be avoided by a special choice of the coefficients αk. The most simple example is given by
the Einstein-Hilbert (EH) term alone, which has the unique Minkowski vacuum. Presence of the
positive or negative cosmological constant term makes the theory to have the unique de Sitter
(dS) or anti-de Sitter (AdS) vacuum, respectively.
Another way to fix the coefficients αk is to have a unique vacuum in the theory but degen-
erated, which leads to Chern-Simons gravity in odd dimensions and Born-Infeld gravity in even
dimensions [6]. In those theories all couplings are expressed only in terms of the gravitational
interaction and the cosmological constant. Also, choosing the coefficients up to a certain order
k = 1, . . . , [d/2] ≡ N leads to a family of non-equivalent theories whose black hole solutions were
studied in [7] and also in [8] for the maximal case with k = N .
Recently, there has been suggested another possibility, where instead of the full Lovelock
series only two terms in the sum are considered in the action: the cosmological constant and
a polynomial in the curvature of order p. These Pure Lovelock (PL) gravities [9] remarkably
admit non-degenerate vacua in even dimensions, while in odd dimensions they have a unique non
degenerate dS and AdS vacuum. Their black hole solutions are asymptotically indistinguishable
from the ones appearing in General Relativity [5]. That is even though the action and equations
of motion are free of the linear Einstein-Hilbert term. This similar asymptotic behavior of two
theories seems to extend also to the level of the dynamics and a number of physical degrees of
freedom in the bulk.
The properties of PL gravity have been discussed in the literature. Stability of PL black
holes has been analyzed in [10]. Application of gauge/gravity duality to phase transitions in
quantum field theories dual to Pure Gauss-Bonnet AdS gravity were studied in Ref. [12]. It can
be shown that in any dimension d+1 there is a special power p such that the black hole entropy
behaves as in any particular lower dimension. In case of the maximum power, p = N , such as
five-dimensional Pure Gauss-Bonnet action, they exhibit a peculiar thermodynamical behavior
[5, 11], where temperature and entropy bear the same relation to horizon radius as in the case
for 3D and 4D dimensions, respectively. Thermodynamical parameters are thus universal in
terms of horizon radius for all odd D = 2N + 1 and even D = 2N + 2 dimensions.
Dynamical aspects of PL theory were analyzed in Ref. [13] in terms of analogs of the Riemann
and Weyl tensors for Nth order PL gravity. It turns out that it is possible to define an Nth
order Riemann curvature with the property that trace of its Bianchi derivative yields the same
divergence free (analogue of Einstein tensor) second rank tensor as the one obtained by the
corresponding Lovelock polynomial action. Thus, one can obtain the gravitational equations for
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PL gravity [14, 15] in the same way as one does for the Einstein equations from the Bianchi
identity. However, there is one crucial difference, which is that the second Bianchi identity
(i.e., vanishing of Bianchi derivative) is only satisfied by the Riemann tensor and not by its
Nth order analogue. The former has therefore a direct link to the metric, while for the latter
this relation is more involved. What yields the divergence-free tensor is vanishing of the trace
of Bianchi derivative, and not necessarily derivative itself. From this perspective, PL gravity
could be seen as kinematic, which means that the Nth order Riemann tensor is entirely given
in terms of the corresponding Ricci tensor in all critical odd D = 2N + 1 dimensions, and it
becomes dynamic in the even D = 2N + 2 dimensions. This might uncover a universal feature
of gravitational dynamics in all critical odd and even dimensions, making it drastically different
in critical odd dimensions. More precisely, the PL vacuum is flat with respect to Nth order
Riemann tensor, but not relative to Riemann tensor. This suggests that there are no dynamical
degrees of freedom in the critical odd dimensions relative to the former but that may not be the
case for the latter.
On the other hand it has been argued in Ref. [16] that the metric Lovelock theory should
have the same number of degrees of freedom as the higher-dimensional Einstein-Hilbert grav-
ity, namely D(D − 3)/2. This is different than expected from our previous discussion, which
suggested fewer physical fields. However, a number of degrees of freedom can change with the
backgrounds. For example, Lovelock-Chern-Simons gravity has different number of degrees of
freedom in different sectors of the phase space [17, 18]. Due to non-linearity of the theory, the
symplectic matrix might have different rank depending on the background [19] causing more
symmetries and less degrees of freedom in some of them, what was explicitly demonstrated in
Chern-Simons supergravity [20]. It can also happen that the constraints become functionally
depended in certain symmetric backgrounds [21].
We wish therefore to provide a detailed analysis of the dynamical structure of PL theory
by explicitly performing Hamiltonian analysis and exploring until what extent it is similar to
General Relativity, and whether it exhibits any additional universal features.
2 Pure Lovelock gravity
We focus on Pure Lovelock gravity of order p in (d+1)-dimensions, whose action consists of the
unique Lovelock term, Lp, and the cosmological constant L0,
I[g] = −κ
∫
dd+1x
√−g
(
1
2p
δ
µ1...µ2p
ν1...ν2p R
ν1ν2
µ1µ2 · · ·R
ν2p−1ν2p
µ2p−1µ2p − 2Λ
)
, (2.1)
where αp = −κ and α0 = 2κΛ. The gravitational constant κ has dimension (length)d+1−2p
and the cosmological constant has dimension of (length)−2p, and not (length)−2 as in General
Relativity. Varying the action with respect to the metric gµν(x), one obtains equations of motion
in the form
(p)Gµν + Λδ
µ
ν = 0 , (2.2)
where Λ = 0 or Λ =
(±1)p d!
2 (d− 2p)!ℓ2p , and generalized Einstein tensor is symmetric of p-th order
in the curvature,
(p)Gµν = −
1
2p+1
δ
µν1...ν2p
νµ1...µ2p R
µ1µ2
ν1ν2 · · ·R
µ2p−1µ2p
ν2p−1ν2p . (2.3)
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The form of Λ given above is such that Λ = 0 has Minkowski metric as a particular solution,
whereas Λ 6= 0 has the dS (sign +) and AdS (sign −) space of the radius ℓ as solutions of the
PL field equations.
Due to the presence of local symmetries in the theory, not all components of the metric
are physical. In order to determine dynamically propagating fields in the bulk, we turn to the
Hamiltonian formalism, which provides a systematic method to separate physical variables from
the non-physical ones. However, applying the canonical analysis to PL action in the metric
formalism is technically involved, even though it depends on velocities only. A reason is that it
is higher-order in the curvature.
On the other hand, if we write the action (2.1) in Palatini formalism I˜[g,Γ], where the metric
gµν and affine connection Γ
λ
µν are treated as independent fundamental fields, then the theory
naturally includes torsional degrees of freedom. Then the vanishing torsion would correspond
to just a particular solution of the fields equations, whereas in General Relativity it is the only
solution. A wider space of solutions can be avoided by introducing a Lagrange multiplier that
forces the torsion to vanish, in a way that field equations become the ones of PL gravity in
Riemann space.
In the next section, we reformulate the PL gravity in first order formalism, linear in velocities,
which makes it much simpler to apply the Hamiltonian analysis.
2.1 First order formalism
The fundamental fields in the first order formalism, vielbein eaµ (x) and spin-connection ω
ab
µ (x)
are related to the fields in the tensorial formalism through the relations gµν = ηab e
a
µe
b
ν and
Γλµν = ω
ab
ν e
λ
aeaµ + e
λ
a∂νe
a
µ, where a, b = 0, 1, . . . , d are the Lorentz indices. Note that the change
of variables (g,Γ) → (e, ω) is not unique, but is determined up to Lorentz rotations. With the
new fields, we obtain Riemann curvature tensor Rabµν and torsion tensor T
a
µν as
Rabµν = ∂µω
ab
ν − ∂νωabµ + ωaµbωbcν − ωaνbωbcµ ,
T aµν = Dµe
a
ν −Dνeaµ , (2.4)
where D = D(ω) is a covariant derivative with respect to the spin connection acting on the
Lorentz indices only, e.g., Dµe
a
ν = ∂µe
a
ν + ω
a
µbe
b
ν .
Naively, the first order PL action can be cast in the form
I˜ [e, ω] =
∫
dd+1x (α0L0 + αpLp) , (2.5)
where we rescaled αk→ − αk(d+1−2k)! and Lk → −(d + 1 − 2k)!Lk, and the Euler densities now
become polynomials in R and e,
L0 = ǫa1···ad+1ǫµ1···µd+1 ea1µ1 · · · e
ad+1
µd+1 ∼ ed+1 ,
Lp = 1
2p
ǫa1···ad+1ǫ
µ1···µd+1 Ra1a2µ1µ2 · · ·R
a2p−1a2p
µ2p−1µ2pe
a2p+1
µ2p+1 · · · ead+1µd+1 ∼ Rped+1−2p . (2.6)
Notation for the Levi-Civita symbol ǫµ1···µd+1 is given in Appendix A. The coupling constants
become
α0 =
2Λκ
(d+ 1)!
, αp = − κ
(d+ 1− 2p)! . (2.7)
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However, the field equations obtained from the action (2.5) after varying it in eaµ and ω
ab
µ are,
respectively,
0 = ǫaa1···adǫ
µµ1···µd
(
1
2p
Ra1a2µ1µ2 · · ·R
a2p−1a2p
µ2p−1µ2pe
a2p+1
µ2p+1 · · · eadµd +
α0 (d+ 1)
αp(d+ 1− 2p) e
a1
µ1 · · · eadµd
)
, (2.8)
0 = ǫaba2···adǫ
µµ1···µd
(
1
2p
Ra2a3µ2µ3 · · ·R
a2p−2a2p−1
µ2p−2µ2p−1 T
a2p
µ2pµ1 e
a2p+1
µ2p+1 · · · eadµd
)
. (2.9)
These equations are not equivalent to the PL field Eqs. (2.2) because the Riemann spaces for
which T aµν = 0 are not the only solutions of Eqs. (2.9) when d+1 > 4 and p > 1. Thus, treating(
eaµ, ω
ab
µ
)
as independent fields changes the dynamics of the system. In order to use first order
formalism and, at the same time, obtain field equations of Pure Lovelock gravity where T aµν = 0
is the unique solution, we introduce a Lagrange multiplier λµνa that forces the torsion tensor to
vanish through a constraint. The new action reads
I[e, ω, λ] =
∫
dd+1x
(
α0L0 + αpLp + 1
2
T aµν λ
µν
a
)
. (2.10)
The field λµνa (x) is antisymmetric in the indices [µν].
Although proposed action is explicitly torsionless, it does not imply that the equations of
motion give the dynamics equivalent to the PL one. An example of the system where an addition
of the constraint T aλa modifies the dynamics of a theory is Topologically Massive Gravity, where
it introduces a term involving the Cotton tensor [22, 23, 24]. There, the term with the multiplier
has nontrivial implications on derivation of conserved charges [25]. An influence of the multiplier,
therefore, has to be well-understood on the level of the field equations.
The action (2.10) reaches an extremum on the equations of motion,
δeaµ : 0 = ǫaa1···adǫ
µµ1···µd
[αp
2p
(d+ 1− 2p)Ra1a2µ1µ2 · · ·R
a2p−1a2p
µ2p−1µ2p e
a2p+1
µ2p+1 · · · eadµd
+ α0 (d+ 1) e
a1
µ1 · · · eadµd
]
+Dνλ
µν
a , (2.11)
δωabµ : 0 =
1
2p
ǫaba2···adǫ
µµ1···µd Ra2a3µ2µ3 · · ·R
a2p−2a2p−1
µ2p−2µ2p−1 T
a2p
µ2pµ1 e
a2p+1
µ2p+1 · · · eadµd
+
1
2
(
ebνλ
µν
a − eaνλµνb
)
, (2.12)
δλµνa : 0 = T
a
µν . (2.13)
In addition, the curvature and torsion tensors satisfy the First and Second Bianchi identities,
DµT
a
ρσ +DρT
a
σµ +DσT
a
µρ = R
ab
µρebσ +R
ab
ρσebµ +R
ab
σµebρ ,
DµR
ab
ρσ +DρR
ab
σµ +DσR
ab
µρ = 0 . (2.14)
When the torsion tensor vanishes, the field equation (2.12) becomes
0 = ebνλ
µν
a − eaνλµνb , (2.15)
from where d(d+ 1)2/2 components of λµνa can be solved as
λµνa = 0 . (2.16)
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This result is obtained by rewriting (2.15) with the Lorentz indices as λa,bc − λc,ba = 0, and
combining it with two other expressions obtained by performing the permutation of indices,
which directly leads to λa,bc = 0 and therefore (2.16). Using (2.16), the last equation (2.11)
is indeed equivalent to the Lovelock field equations in Riemann space. The Bianchi identities
(2.14) in that case read
Ra (σµρ) = 0 , D(µR
ab
ρσ) = 0 . (2.17)
3 Action in the time-like foliation
Hamiltonian formalism is not explicitly covariant because it presents all the quantities in the
time-like foliation xµ =
(
t, xi
)
, where x0 = t ∈ R is the temporal coordinate and xi (i = 1, . . . , d)
are local coordinates at the spatial section Σ.
In the tangent space, we decompose the indices as a = (0, a¯). The vielbein eaµ is invertible
on R×Σ and its inverse is eµa . We require that et0 6= 0 and that the d-dimensional vielbein ea¯i is
also invertible with the inverse
(d)eia¯ = e
i
a¯ −
ei0e
t
a¯
et0
. (3.1)
In order to introduce canonical variables in the action (2.10), we have to define the action
in configurational space, that is, in terms of the fields eaµ, ω
ab
µ and its velocities e˙
a
µ, ω˙
ab
µ . To this
end, we have the splitting of the fields in the time-like foliation
eaµ → (eat , eai ) , ωabµ →
(
ωabt , ω
ab
i
)
,
and similarly for the multiplier λµνa → (λtia ≡ λia, λija ). It is worthwhile noticing that ωabt
transforms as a tensor of rank 2 under local Lorentz transformations on Σ and ωabi as the
Lorentz gauge connection.
Since L =
∫
ddxL, the Lagrangian scalar density of (2.10) can be written in a compact way,
L = 1
2
ω˙abi Liab + e˙ai λia +
1
2
ωabt Sab + eat Sa +
1
2
T aij λ
ij
a . (3.2)
We neglect all boundary terms. In the action above, we introduce the quantities which do not
depend on velocities and time-like components,
Liab =
pαp
2p−2
ǫaba2···adǫ
ii2···idRa2a3i2i3 · · ·R
a2p−2a2p−1
i2p−2i2p−1
e
a2p
i2p
· · · eadid , (3.3)
Sa = Ha +Diλia , (3.4)
Sab = Hab + ebiλia − eaiλib , (3.5)
where
Ha = ǫaa1···adǫi1···id
[
(d+ 1)α0 e
a1
i1
· · · eadid +
αp
2p
(d+ 1− 2p)Ra1a2i1i2 · · ·R
a2p−1a2p
i2p−1i2p
e
a2p+1
i2p+1
· · · eadid
]
,
Hab = pαp
2p−1
(d+ 1− 2p) ǫaba2 ···ad ǫi1···id Ra2a3i2i3 · · ·R
a2p−2a2p−1
i2p−2i2p−1
T
a2p
i1i2p
e
a2p+1
i2p+1
· · · eadid . (3.6)
The Lagrangian (3.2) is similar to the one of Chern-Simons theory, whose Hamiltonian analysis
was studied in Ref. [18].
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4 Hamiltonian analysis in five dimensions
Let us start with the simplest case of five-dimensional Pure Gauss-Bonnet action (d = 4, p = 2),
I =
∫
d5x
[
ǫabcdeǫ
µνρσγ
(
α0 e
a
µe
b
νe
c
ρe
d
σe
e
γ +
α2
4
RabµνR
cd
ρσe
e
γ
)
+
1
2
T aµνλ
µν
a
]
. (4.1)
The Lagrangian has the form (3.2) with particular tensors
Liab = 2α2 ǫijklǫabcdeRcdjkeel ,
Sab = Hab + ebiλia − eaiλib ,
Sa = Ha +Diλia ,
Hab = α2 ǫabcde ǫijklRcdij T ekl ,
Ha = ǫabcdeǫijkl
(
5α0 e
b
ie
c
je
d
ke
e
l +
α2
4
RbcijR
de
kl
)
, (4.2)
and the multipliers are conveniently written as
λia =
1
3!
ǫijklλa,jkl , λ
ij
a =
1
2!
ǫijklλa,tkl . (4.3)
If we denote the generalized coordinates by qM (x) and the corresponding conjugated momenta
by πM(x),
qM = {eat , eai , ωabt , ωabi , λia, λija } , πM = {πta, πia, πtab, πiab, pai , paij} , (4.4)
we can use the definition πM =
∂L
∂q˙M
to find πiab = Liab and πia = λia, while all other momenta
are zero. Thus, the Hessian matrix ∂
2L
∂q˙M∂q˙N
is not invertible and we cannot express all velocities
in terms of the momenta. In turn, we get the constraints, called
Primary constraints: ΦM = {φta, φia, φtab, φiab, pai , paij} . (4.5)
They are defined on the phase space as
φta = π
t
a ≈ 0 , φia = πia − λia ≈ 0 ,
φtab = π
t
ab ≈ 0 , φiab = πiab − Liab ≈ 0 ,
pai ≈ 0 , paij ≈ 0 .
(4.6)
The surface ΦM ≈ 0 in the phase space is called the primary constraint surface, ΓP . The weak
equality f(q, π) ≈ 0 on ΓP implies that a phase space function f vanish on ΓP , but its derivatives
(variations) are non-vanishing. This is different than the strong equality, f(q, π) = 0, where both
f and its variations vanish on ΓP . This distinction is relevant for definition of Poisson brackets,
since f ≈ 0 does not imply {f, · · · } ≈ 0.
To simplify notation, we write the arguments of the phase space functions symbolically,
assuming that all quantities are defined at the same instant, x0 = x′0 = t,
A = A (x) , B′ = B
(
x′
)
, ∂i =
∂
∂xi
, ∂′i =
∂
∂x′i
,
δ = δ
(
~x− ~x′) , δabcd = δac δbd − δadδbc . (4.7)
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The fundamental Poisson brackets (PBs) different than zero are
{eaµ, π′νb } = δab δνµ δ ,
{ωabµ , π′νcd} = δabcd δνµ δ ,
{λia, p′bj } = δab δij δ ,
{λija , p′bkl} = δab δijkl δ . (4.8)
The symplectic matrix ΩMN of the primary constraints reads
{ΦM ,Φ′N} = ΩMN δ , (4.9)
and it is antisymmetric, ΩMN = −ΩNM . The only (independent) submatrices of the symplectic
matrix different than zero are
{φiab, φ′jcd} = Ωijabcd δ = −8α2 ǫijklǫabcde T ekl δ ,
{φiab, φ′jc } = Ωijabc δ = −2α2ǫijklǫabcdeRdekl δ ,
{φia, p′bj } = −δbaδij δ . (4.10)
The canonical Hamiltonian, HC = πM q˙M − L, defined on ΓP is
HC(p, q) = −1
2
ωabt Sab − eat Sa −
1
2
T aij λ
ij
a , (4.11)
and the total Hamiltonian, defined on the full phase space Γ, is obtained by introducing the
indefinite multipliers uM (x),
HT (p, q, u) = HC(p, q) + uMΦM(p, q) , (4.12)
where uM = {uat , uai , uabt , uabi , via, vija }. Evolution of any quantity A(q(x), π(x)) = A(x) in the
phase space is given by
A˙ =
∫
d~x′
({
A,H′C
}
+ u′M
{
A,Φ′M
})
≈
∫
d~x′
{
A,H′T
}
. (4.13)
This allows us to identify some field velocities with the Hamiltonian multipliers,
ω˙abi = u
ab
i , e˙
a
i = u
a
i ,
λ˙ija = v
ij
a , λ˙ia = v
i
a .
(4.14)
Consistency of the theory requires that the primary constraints remain on the constraint
surface during their evolution, that is,
Φ˙M =
∫
d~x′{ΦM ,H′C}+ΩMN uN ≈ 0 . (4.15)
These consistency conditions will either solve some multipliers, or lead to the secondary con-
straints, or will be identically satisfied.
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When the symplectic matrix has zero modes and {ΦM ,HC} 6= 0, the consistency conditions
lead to the secondary constraints,
φ˙ta = Sa ≈ 0 , (4.16)
φ˙tab = Sab ≈ 0 , (4.17)
p˙aij = T
a
ij ≈ 0 . (4.18)
Other consistency conditions solve Hamiltonian multipliers, such as p˙ai ≈ 0, which gives
uai = Die
a
t − ωabt ebi . (4.19)
On the other hand, from φ˙ia ≈ 0 we solve the multiplier,
via = −ǫabcdeǫijkl
[
20α0 e
b
te
c
je
d
ke
e
l + α2R
de
kl
(
ubcj −Djωbct
)]
+ ωbt aλ
i
b +Djλ
ij
a . (4.20)
Using the Bianchi identities, Djǫabcde = 0 and the property that any totally antisymmetric
tensor of rank 6 defined in five dimensions must vanish, that is,
−ǫbcdef eaj + ǫcdefaebj − ǫdefab ecj + ǫefabc edj − ǫfabcd eej + ǫabcde efj = 0 ,
the last consistency condition for φiab becomes
0 ≈ φ˙iab ≈ eatλib − ebtλia − λija ebj + λijb eaj . (4.21)
One can show, in a similar way as for Eq. (2.16), that the constraints (4.17) and (4.21) are now
equivalent to zero multipliers λia ≈ 0 and λija ≈ 0.
So far, we have found the following
Secondary constraints: Sa ≈ 0 , T aij ≈ 0 , λia ≈ 0 , λija ≈ 0 , (4.22)
and we determined the multipliers uai and v
i
a. The functions {uat , uabt , uabi , vija } remain arbitrary.
A submanifold ΓS ⊂ Γ defines the secondary constraint surface, where all constraints discovered
until now vanish.
To ensure that the secondary constraints λ evolve on the constraint surface ΓS , we require
that λ˙ia = v
i
a and λ˙
ij
a = v
ij
a vanish. It leads to via = 0, which by Eq. (4.20) can be equivalently
expressed as
χia = −ǫabcdeǫijkl
[
20α0 e
b
te
c
je
d
ke
e
l + α2R
de
kl
(
ubcj −Djωbct
)]
≈ 0 and vija = 0 . (4.23)
Before we continue, we can notice that the pairs of conjugated variables (λ, p), all being
the constraints, have their PB’s whose r.h.s (symplectic form) is invertible on ΓS . Thus, they
are second class constraints that do not generate any symmetry, but represent redundant, non-
physical quantities. They can be eliminated by defining the reduced phase space Γ∗ with the
Poisson brackets replaced by the Dirac brackets,
{
A,B′
}∗
=
{
A,B′
}
+
∫
dy
[ {
A,λia(y)
} {
pai (y), B
′
}− {A, pai (y)}{λia(y), B′}
+
1
2
{
A,λija (y)
} {
paij(y), B
′
}− 1
2
{
A, paij(y)
} {
λija (y), B
′
}]
. (4.24)
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It is straightforward to check (and it is a general property of the Dirac brackets) that the use of
{, }∗ turns the weak equality into the strong equality on Γ∗,
λia = 0 , p
a
i = 0 , on Γ
∗ ,
λija = 0 , p
a
ij = 0 , on Γ
∗ , (4.25)
because
{
λia, p
′b
j
}∗
= 0, and
{
λija , p′bkl
}∗
= 0 on Γ∗. The remaining generalized coordinates of
the space Γ∗ are (eaµ, ω
ab
µ , π
µ
a , π
µ
ab) and their Dirac brackets remain unmodified (they are equal
to the Poisson brackets). From now on we drop the star from the Dirac brackets.
Let us analyze the consistency condition of Sa. Using R˙bcij = Diubcj −Djubci and e˙ai = uai , we
get
S˙a = ǫabcdeǫijkl
[
20α0Die
b
te
c
je
d
ke
e
l + α2DiU
bc
j R
de
kl + ω
b
tf
(
20α0 e
f
i e
c
je
d
ke
e
l + α2R
fc
ij R
de
kl
)]
, (4.26)
where we denoted
Uabi = u
ab
i −Diωabt , (4.27)
and used that [Di,Dj ]ω
bc
t = R
bf
ij ω
c
tf − Rcfij ω btf . It can be recognized from the Lagrangian
formalism that Uabi ≡ Rabti , because the Hamiltonian prescription treats all time derivatives as
new functions. Next, we use a combinatorial identity, valid for any completely antisymmetric
tensor Σcdef ,
0 = Dtǫacdef Σ
cdef =
(
ǫbcdef ω
b
ta + 2ǫabdef ω
b
tc + 2ǫacdbf ω
b
te
)
Σcdef .
For a particular choice of Σfcde = 20α0 e
f
i e
c
je
d
ke
e
l + α2R
fc
ij R
de
kl , we obtain that Sa does not leave
the surface ΓS during its evolution,
S˙a = −Diχia − ω bta Sb ≈ 0 . (4.28)
Furthermore, we also have to require the same for the torsion tensor,
T˙ aij = Diu
a
j −Djuai + uabi ebj − uabj ebi ≈ 0 . (4.29)
With the help of Eq. (4.19), we rewrite the last equation as
0 ≈ T˙ aij ≈ Rabij ebt + Uaji − Uaij . (4.30)
Here the vielbein projects the Lorentz indices to the spacetime ones, Uaji = U
ab
i ebj . The above
equation gives 30 algebraic equations in 40 unknown functions Uaij , which can be decomposed
into 16 + 24 components (U0ij , U
a¯
ij). The final solution is
Ua[ij] =
1
2
Rabij ebt =
1
2
Ratij ⇒ Uµ[ij] =
(
0,
1
2
Rktij
)
. (4.31)
In that way, the 6+4 coefficients
(
U0[ij], U
a¯
[ij]
)
become completely determined by the consistency
of T˙ 0ij and T˙[ki]j. Since U
a
ij = R
a
itj , the above relation just represents the first Bianchi identity
for the components (tij) rederived in the Hamiltonian way.
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The 20 components of T˙ aij that do not solve the corresponding multipliers are exactly the
ones symmetric in first two indices,
T˙(ki)j ≈
1
2
(
eakT˙
a
ij + eaiT˙
a
kj
)
≈ 1
2
Rktij + Uk[ji] +
1
2
Ritkj + Ui[jk] = 0 , (4.32)
that vanish due to the known Ui[jk]. Thus, these components do not lead to new conditions. We
conclude that 30 equations T˙ aij = 0 solve only 10 antisymmetric components u
ab
i and remaining
20 equations do not give anything new – they are automatically satisfied.
Thanks to the relation (4.31) and because the curvature Rabij satisfies the First Bianchi
identity, we can collect all First Bianchi identities in a covariant way, Bµναβ = Rµ(ναβ) = 0,
where the components of the tensor B are
0 = Baijk ≡ Ra(ijk) ,
0 = Batij ≡ ebtRabij − 2Ua[ij] . (4.33)
This has an important consequence on the number of linearly independent multipliers Uabi .
Namely, we can prove that
Rµναβ −Rαβµν = 1
2
(Bµναβ + Bβµνα − Bαβµν − Bναβµ) = 0 , (4.34)
so the Riemann curvature is symmetric, Rµναβ = Rαβµν , or
Rtitj = Rtjti , Rtijk = Rjkti , Rijkl = Rklij . (4.35)
The last relation in (4.35) does not give any further information because it is just the Bianchi
identity on Σ. The first one, instead, shows that not all coefficients Uµij = eaµU
a
ij, are inde-
pendent because Utij are symmetric, Utij = Utji = eatebiR
ab
tj . The second condition in (4.35) is
equivalent to
Ujki = eatebiR
ab
jk , (4.36)
in a way consistent with (4.31). The only remaining unknown multipliers are 10 symmetric
components Ut(ij), leading to the final expression for U
ab
i as
Uabi = Uµνie
aµebν = Ut(ij)
(
etaejb − etbeja
)
+ ectediR
cd
jke
jaekb, Utij = Utji . (4.37)
From the point of view of the irreducible components of Uabi , we can see the 10 components
of Ut(ij) as the only unsolved part in the table below,
Multiplier Uµij : Ut[ij] , U
k
tk ,
SU tij ,
AU kij ,
SU kij ,
TU kij ,
40 components : 6 1 9 4 4 16
Solved by : T˙ 0ij arbitrary arbitrary T˙[ijk] Bianchi Bianchi.
As it is well-known, the irreducible components of the rank 2 tensor Utij are: its antisymmetric
part Ut[ij], the trace U
k
tk and the symmetric traceless component
SU tij = Ut(ij) − 14 gijU ktk .
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On the other hand, the irreducible components of the rank 3 tensor Ui(jk) are: its vectorial
component (trace) Ui ≡ U jij , also written as SU ijk = gij Uk+gik Uj, the axial-vector component
AU ijk = U[ijk] and the tensorial one
TU = U − AU − SU .
The last equation to analyze is χia ≈ 0. It can be combined together with Ha ≈ 0 into
χλa = (Ha, χia) = ǫabcdeǫλµναβ
(
5α0 e
b
µe
c
νe
d
αe
e
β +
α2
4
RbcµνR
de
αβ
)
≈ 0 , (4.38)
in which we recognize the generalized Einstein equations with cosmological constant (2.2). In
contrast to the Einstein-Hilbert case, the multipliers in Eq. (4.23) cannot be fully solved because
they are non-linear in the fields, causing ambiguities. In fact, if we write it as
2α2 ǫabcdeǫ
ijklRdeklU
bc
j = −40α0 ǫabcdeǫijklebtecjedkeel , (4.39)
then the rank of the matrix Ωijabc = −2α2ǫabcdeǫijklRdekl explicitly depends on a considered back-
ground. More concretely, replacing the solution for the multiplier (4.37) in (4.39), we obtain a
set of algebraic equations
M i(jm)a Utjm = A
i
a , or MU = A , (4.40)
where the matrix of the system is obtained by symmetrization of
M ijmµ = −Ωijabc eaµetbemc =
2α2
|e| gµnǫ
mnpqǫijklRpqkl . (4.41)
The non-homogeneous part of the system is
Aiµ = |e|
(
120α0 δ
i
µ − α2 ǫµmnνλǫijklRνλklR mntj
)
. (4.42)
In the context of the equation (4.40), M is the 20 × 10 matrix that acts on the 10-component
column U . When the rank of M is maximal, that is 10, then all components of U can be
determined. This is the case of the AdS space, as we will show below. A situation is completely
different in the flat space, where the equation becomes homogeneous (A = 0) and the rank of
M = 0 is zero. In that case, all 10 components of the vector Ut(jm) remain arbitrary. In EH
case this matrix always has maximal rank because it does not depend on the curvature. In
higher-dimensional PL gravity, M is again polynomial in the curvature and may have different
ranks. It is a generic feature of the Lovelock gravity, and it has already been noted for the
Lovelock-Chern-Simons case [18].
We are interested in the Λ 6= 0 backgrounds, where there are black hole solutions. We restrict
our theory to the part of the phase space where the rectangular 20 × 10 matrix M i(jm)a (x) has
maximal rank, 10, for all x. In that case, there exists only the left inverse of M , which is the
10× 20 matrix ∆a(kl)i(x) of the rank 10 defined by
1
2
∆a(kl)iM
i(jm)
a = δ
j
kδ
m
l + δ
j
l δ
m
k . (4.43)
The matrix ∆ depends on eaµ and ω
ab
µ . Then the equation (4.40) can be solved and the multipliers
are
Utij = ∆
a
(ij)kA
k
a . (4.44)
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To show that the chosen subspace contains a non-empty set of solutions, we consider the
AdS background
R¯µναβ = − 1
ℓ2
(g¯µαg¯νβ − g¯ναg¯µβ) , (4.45)
with α0 =
1
5ℓ4
and α2 = −1. Then
M¯ i(jm)µ =
4
ℓ2 |e¯|
(4)g¯ g¯µn
(
g¯img¯jn + g¯ij g¯nm − 2g¯ing¯jm) , (4.46)
where (4)g¯ = det[g¯kl] is the determinant of the spatial background induced metric
(4)g¯ij = g¯ij
and its inverse is (4)gij = gij − gtigtjgtt .
Now we linearize Eq. (4.40) around this background, i.e., (M¯+δM)(U¯+V ) = A¯+δA, where
δUt(jm) = Vjm. We multiply the zero order, M¯U¯ = A¯, by e¯
a
k and obtain
U¯tij =
5α0ℓ
2
α2
g¯g¯ij
(4)g¯
= − 1
ℓ2
g¯ttg¯ij , (4.47)
where we replaced the values of the constants αk. We also used the identity |e¯|2 = −g¯ = −g¯tt (4)g¯ .
Projecting M¯U¯ = A¯ by e¯at , we find that (4.47) is satisfied. One can obtain the same result
from the definition U¯tij = R¯titj coming from Eqs. (4.27) and (4.45).
The linear order equation, M¯V + δMU¯ = δA, projected by e¯aµ reads
M¯ i(jm)µ Vtjm = C
i
µ , (4.48)
where we defined Ciµ = −δM i(jm)µ U¯tjm + eaµδAia. After replacing the matrix M , see Eq. (4.46),
we find
V it µ − δiµV jt j =
|e| ℓ2
2 (4)g¯
Ciµ . (4.49)
In that way, all 10 symmetric multipliers U = U¯ +V are uniquely solved in the AdS background
with
V it j =
|e| ℓ2
2 (4)g¯
(
Cij −
1
3
δijC
k
k
)
. (4.50)
It is straightforward to check that the remaining equations, M¯
i(jm)
t Vtjm = C
i
t , are automatically
satisfied. Therefore, we explicitly found the matrix ∆¯a(kl)i in the AdS background.
It is easy to prove in a similar way that the static black holes also belong to the chosen region
of the phase space where the left inverse ∆¯a(kl)i exists. Namely, the same as for the AdS space,
the black hole curvature Rµναβ has each component proportional to δ
µν
αβ , with different factors.
An explicit check confirms that M has maximal rank for static Pure Gauss-Bonnet black hole.
With all constraints identified and the Hamiltonian multipliers solved, we can obtain the
information about the degrees of freedom and local symmetries in the theory in a particular
class of backgrounds, where M has maximal rank during the whole evolution of the fields.
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5 Degrees of freedom and symmetries
Next step in the Hamiltonian analysis is to separate first and second class constraints. The
first class constraints generate local symmetries and the second class constraints eliminate non-
physical fields not related to the symmetries. If there are N1 first and N2 second class constraints
in the phase space with N generalized coordinates, then a physical number of degrees of freedom
is given by the Dirac formula
N∗ = N −N1 − 1
2
N2 . (5.1)
Thus, determination of a class of constraints is of essential importance for identification of
the physical fields living on the reduced phase space Γ∗. Furthermore, first class constraints are
related to the existence of indefinite multipliers in a theory and their numbers should match since
each first class constraint appearing in the Hamiltonian is multiplied by an arbitrary function.
Let us recall from the previous section that the solved multipliers are
{
uai , U
ab
i , v
i
a = 0, v
ij
a = 0
}
,
and the unsolved ones uabt and u
a
t are related to the local symmetries, Lorentz transformations
and diffeomorphisms. In addition, we do not know the explicit form of all multipliers Uabi ,
because Ut(ij) depends on the background. It is then expected that we will not be able to obtain
a closed, background-independent form of all generators.
To find first class constrains, it is helpful to write the total Hamiltonian density HT with
solved multipliers because it is known that this is first class quantity (it commutes with all con-
straints) and, therefore, only first class constraints will naturally appear there as a combinations
of other constraints. Thus, replacing the solutions (4.19), (4.23) and (4.27) in HT , we obtain
the Hamiltonian density
H = −1
2
ωabt Jab − eat Ja + uat πta +
1
2
uabt π
t
ab +
1
2
Uabi φ
i
ab + ∂iDi , (5.2)
where the constraints (Ha,Hab) are replaced by the new ones (Ja, Jab),
Jab = Hab − eaiπib + ebiπia +Diφiab
= −eaiπib + ebiπia +Diπiab ,
Ja = Ha +Diπia . (5.3)
The total divergence Di = eat πia+ 12 ωabt φiab can be neglected, as it contributes only to a boundary
term in the total Hamiltonian.
The functions (Ja, Jab) are not guaranteed yet to be first class because we still have to replace
Uabi . But to evaluate U · φ, we have to choose a particular background for Ut(ij), so we will not
write it explicitly, as we prefer to keep the background-independent expressions. A more detailed
analysis shows that after using Eqs. (4.37) and (4.44) the multiplies can be written as
1
2
Uabi φ
i
ab = ∆
c
(ij)kA
k
cg
tleal e
jbφiab − eat
(
1
2
Racjke
kbecie
jdφibd −∆c(ij)kAkcgttejbφiab
)
= −1
2
ωabt ∆Jab − eat ∆Ja , (5.4)
so in general this expression can affect the generators Ja and Jab because ∆
c
(ij)k is a function of
eat and ω
ab
t . The first class generators that appear in the Hamiltonian (5.2) are Jab = Jab+∆Jab
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and Ja = Ja + ∆Ja. Note that these corrections contain the non-linear R2 terms and the
background-dependent ∆(e, ω). This is similar to what happens in the R+T 2+R2 theory [28].
Because of the complexity of the problem, in the next step we will not account for the U · φ
term.
The temporal components of the fields, ωabt and e
a
t , are Lagrangian multipliers because they
are not dynamical, and in the Hamiltonian notation they are arbitrary functions multiplying the
constraints. Therefore, the Hamiltonian (5.2) can be seen as the extended Hamiltonian, which
contains constraints of all generations, both primary and secondary. Furthermore, since only
first class constraints are associated to indefinite multipliers, we can identify them as
First class constraints : Ja, Jab, πta, πtab ,
and there are N1 = (5 + 10) × 2 = 30 of them. With respect to the second class constraints,
from (4.22) we know that T aij ≈ 0 is satisfied, but some components of the torsion tensor are first
class and some are second class constraints. They cannot be separated explicitly. For example,
10 functions Hab are linear combinations of T aij. This means, in order to define Jab in terms of
Hab, we had to change a basis of the constraints. In doing so, it is important that the regularity
conditions are satisfied, ensuring that all constraints are linearly independent on the phase space
because they have the maximal rank of the Jacobian with respect to the phase space variables.
In our case, we replaced the initial set of 30 constraints T aij by a new one (Hab,Tz). Then,
the regularity conditions require that Rank
[
∂(Hab,Tz)
∂(qM ,pN )
]
= 30, what means that there must be
20 second class constraints Tz. We shall denote them by Tz = {T˜ aij} regardless their tensorial
properties, to remember that they are redundant torsional components which do not generate
any local symmetry. Thus, we represented T aij by an equivalent set of the 10 + 20 constraints
(Hab, T˜ aij). Then we can identify the remaining set of the constraint as
Second class constraints : T˜ aij , φ
i
a, φ
i
ab ,
and there are N2 = 20 + 20 + 40 = 80 of them. Then the count of the degrees of freedom is
straightforward: for N = 25 + 50 = 75 dynamical fields (eaµ, ω
ab
µ ), the Dirac formula (5.1) gives
the number degrees of freedom
N∗ = 5 . (5.5)
This is the same number as in the five-dimensional Einstein-Hilbert theory, and a maximal
number that a PL gravity can contain. One of these degrees of freedom is the radial one.
This can be proved by performing the Hamiltonian analysis of the action in minisuperspace
approximation, which involves only the relevant degrees of freedom, similarly as in Ref. [20].
Fundamental fields in this approximation are the most general ones among gµν and Tµνλ that
have the same isometries. The identified radial degree of freedom corresponds to the metric
component gtt = −1/grr.
If the rank of M in (4.40) is smaller than maximal, then some functions Ut(ij) remain
arbitrary, reflecting the fact that there are more local symmetries in the theory and less degrees
of freedom. In the extreme case, when the rank of M is zero, all Ut(ij) are indefinite, so there
are 10 additional local symmetries because second class constraints are converted into the first
class, thus N1 → N1+10 = 40 and N2 → N2−10 = 70. This implies that in the flat background
15
the theory has N∗ − 10 + 1210 = 0 degrees of freedom. In general, a number of the degrees of
freedom in five-dimensional PL gravity varies in the range
0 ≤ N∗ ≤ 5 . (5.6)
Let us analyze the local symmetries and their generators. The first class constraint G ≈ 0
acts on the fundamental field q through the smeared generator G [λ] =
∫
d4xλG, and the field
transforms as δq = {q,G [λ]}. In our case, the generator for all first class constraints is
G[Λ, Λ˙, ǫ, ǫ˙] =
∫
d4x
[
1
2
Λab
(
Jab − eatπtb + ebtπta
)− 1
2
D0Λ
abπtab + ǫ
aJa −D0ǫaπta
]
=
∫
d4x
(
1
2
ΛabJ˜ab − 1
2
Λ˙abπtab + ǫ
aJ˜a − ǫ˙aπta
)
, (5.7)
where we redefined Jab → Jab − eatπtb + ebtπta and Ja → Ja + ω bta πtb in order to covariantize the
e · π term. It is equivalent to redefinition of the multipliers, so that
J˜ab = Jab − eatπtb + ebtπta + ω cta πtcb − ωctbπtac ,
J˜a = Ja + ω
b
ta π
t
b . (5.8)
The parameters Λ˙ab and ǫ˙a are required by the Castellani’s construction of the generators [29]
(for an alternative method, see [30, 31]), to replace the independent parameters by the first
class constraints πtab and π
t
a. A reason for this is that in the Hamiltonian formalism all PB
are taken at the same time and the time derivatives of parameters are treated as the new,
independent functions, for example D0Λ
ab is linearly independent of Λab. In addition, the
Castellani method gives a procedure to determine these parameters in a way that recovers
covariance of the Lagrangian theory. Direct calculation shows that, up to the background-
dependent term U · φ, the given generators indeed satisfy the Castellani’s conditions.
The gauge transformations generated by G[Λ, Λ˙, ǫ, ǫ˙] have the form
δeaµ = Λ
abebµ −Dµǫa ,
δωabµ = −DµΛab . (5.9)
The Λab(x) is recognized as a Lorentz gauge parameter. The local transformations with the
parameter ǫa(x) are related to the diffeomorphisms on-shell and their explicit form cannot be
written because it depends on the background.
The non-vanishing brackets between the constraints {J˜ab, J˜a, πta, πtab, T aij , φia, φiab} contain
the Lorentz algebra
{J˜ab, J˜ ′cd} =
(
ηadJ˜bc + ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac
)
δ , (5.10)
where the brackets with weakly J˜ab vanish with all other constraints, so they are explicitly first
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class,
{J˜ab, π′tc } =
(
ηbcπ
t
a − ηacπtb
)
δ ,
{J˜ab, π′tcd} =
(
ηadπ
t
bc + ηbcπ
t
ad − ηacπtbd − ηbdπtac
)
δ ,
{J˜ab, J˜ ′c} =
(
ηbcJ˜a − ηacJ˜b
)
δ ,
{J˜ab, φ′ic } =
(
ηbcφ
i
a − ηacφib
)
δ ,
{J˜ab, φ′icd} =
(
ηadφ
i
bc + ηbcφ
i
ad − ηacφibd − ηbdφiac
)
δ ,
{J˜ab, T ′cij } = (δcbTa ij − δcaTb ij) δ . (5.11)
For completeness, we also list the other non-vanishing brackets among the constraints,
{J˜a, J˜ ′b} = −
15α0
4α2
Ωijabij δ ,
where Ωijabij = Ω
ij
abcd e
c
ie
d
j and, with introduced K
i
abc = 4α2ǫ
ijklǫabcde ω
d
j fR
fe
kl + ηabπ
i
c − ηacπib,
{J˜a, π′tbc} =
(
ηabπ
t
c − ηacπtb
)
δ ,
{J˜a, φ′ib } = −120α0 |e|
(
etae
i
b − etbeia
)
δ ,
{J˜a, φ′ibc} = Ωijabc ∂jδ +Kiabc δ ,
{J˜a, T ′bij } = Rbaijδ ,
{T aij , φ′lc } = −δac δlkij ∂kδ +
(
ωai cδ
l
j − ωaj cδli
)
δ ,
{φjab, T ′ckl} =
(
−edl δcdabδjk + edk δcdabδjl
)
δ . (5.12)
As already mentioned, the symplectic form in PL gravity is non-linear in the curvature so
its rank depends on the particular background. This implies that the second class constraints
cannot be in general separated from the first class constraints. The constraints whose brackets
do not vanish explicitly on the constraint surface are the ones given by Eq. (5.12).
6 Hamiltonian analysis of PL gravity (d+1)-dimensions
In this section we only give the main results of the Hamiltonian analysis in d+1 dimensions and
point out the differences with respect to the five-dimensional case. The generalized coordinates
qM , momenta πM and primary constraints have the form (4.4)–(4.6), where now the indices run
in the wider range, i = 1, . . . d and a = 0, . . . d. The symplectic matrix has the components
Ωijabcd = 4(p − 1)βp ǫijki4···idǫabcda4···ad Ra4a5i4i5 · · ·R
a2p−2a2p−1
i2p−2i2p−1
T
a2p
k i2p
e
a2p+1
i2p+1
· · · eadid ,
Ωijabc = βp ǫ
iji3···idǫabca3···ad R
a3a4
i3i4
· · ·Ra2p−1a2pi2p−1i2p e
a2p+1
i2p+1
· · · eadid , (6.1)
where βp = −22−p(d+1−2p) pαp is a real constant. The matrix Ωijabcd is identically zero only in
the Einstein-Hilbert gravity (p = 1). In general (p > 1), the matrix Ωijabcd only weakly vanishes
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for the PL gravity (2.10). The phase space functions Liab, Sa and Sab in higher dimensions
become
Liab = −
1
d+ 1− 2p Ω
ij
abce
c
j ,
Sa = Ha +Diλia ,
Sab = Hab + ebiλia − eaiλib , (6.2)
where
Hab = −1
2
ΩijabcT
c
ij ,
Ha = (d+ 1)α0 ǫaa1···adǫi1···idea1i1 · · · e
ad
id
− 1
4p
ΩijabcR
bc
ij . (6.3)
Using the Hamiltonian (4.11)–(4.12), we find the following secondary constraints from the con-
dition of vanishing p˙aij , φ˙
t
a and φ˙
t
ab,
T aij ≈ 0 , Sa ≈ 0 , (6.4)
Sab ≈ ebiλia − eaiλib ≈ 0 . (6.5)
The requirement of vanishing φ˙ia and p˙
a
i solve the multipliers v
i
a and u
a
i ,
via = e
b
tΣ
i
ab +
1
2
ΩijcdaU
cd
j + ω
b
t aλ
i
b +Djλ
ij
a ≈ 0 , (6.6)
uai = Die
a
t − ωabt ebi , (6.7)
where it was convenient to define Uabi = u
ab
i −Diωabt and
Σiab = ǫaba2···adǫ
ii2···id
[
− d(d+ 1)α0ea2i2 · · · e
a2p+1
i2p+1
+
d− 2p
4p
βpR
a2a3
i2i3
Ra4a5i4i5 · · ·R
a2pa2p+1
i2pi2p+1
]
e
a2p+2
i2p+2
· · · eadid . (6.8)
In odd-dimensional spaces with d = 2p, the last line in Σiab vanishes. This is the case of five-
dimensional Pure Gauss-Bonnet gravity analyzed in previous sections.
We ask that the constraint φiab ≈ 0 vanishes during its time evolution in (d+1)-dimensional
spacetime, leading to
φ˙iab ≈ −
1
2
ωcdt
(
Ωijcdaebj −Ωijcdbeaj +Ωijabc edj − Ωijab,d ecj
)
+ etaλ
i
b − etbλia − λija ebj + λijb eaj . (6.9)
However, the first line identically vanishes due to the combinatorial identity
ǫba1···ad eaj − ǫaa1···ad ebj + ǫaba2···ad ea1j − · · ·+ (−1)d+1 ǫabca1···ad−1 ead j = 0 , (6.10)
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and the second line of (6.9) with Eq. (6.5) can be equivalently written as λia ≈ 0 and λija ≈ 0, so
that we find
Secondary constraints: Sa ≈ 0 , T aij ≈ 0 , λia ≈ 0 , λija ≈ 0 . (6.11)
Next, we have to require that the secondary constraints also evolve on the constraint surface.
Thus, the requirement of vanishing λ˙ija and λ˙ia solve the multipliers v
ij
a = 0 and via = 0 , but
because the form of via is already known from Eq.(6.6), we obtain the algebraic equation for the
multipliers U cdj ,
0 ≈ χia = ebtΣiab +
1
2
ΩijcdaU
cd
j . (6.12)
By replacing Uabi = R
ab
ti , we can prove that the above expression combined with Ha is equivalent
to the Lagrangian equations,
0 ≈ χia = (Ha, χia) = (d+ 1)α0 ǫaa1···adǫλµ1µ2···µdea1µ1ea2µ2 · · · eadµd
+
αp
2p
(d+ 1− 2p) ǫλµ1···µdǫaa1···adRa1a2µ1µ2 · · ·R
a2p−1a2p
µ2p−1µ2pe
a2p+1
µ2p+1 · · · eadµd . (6.13)
Further calculation can be simplified by observing that, as in five dimensions, the pairs of
conjugated constraints,
(
λia, p
b
j
)
and
(
λija , pbkl
)
, are second class. It means they can be eliminated
from the phase space by defining the reduced phase space Γ∗, where the Poisson brackets are
replaced by the Dirac brackets (4.24). The coordinates of the space Γ∗ are (eaµ, ω
ab
µ , π
µ
a , π
µ
ab) and
their Dirac brackets are equal to the Poisson brackets. From now on, we shall drop writing the
star in the Dirac brackets, and continue working on Γ∗.
The evolution of Sa can be obtained after the long, but straightforward calculation, with the
help of the identity 0 = Dǫaba1···ad , which implies
ω bta R
a1a2
i1i2
Ωi1i2ba1a2 = −ω
a1
tf
[
2pΩi1i2aa1a2R
fa2
i1i2
+ (d− 2p) Ωi2i3kaa1a2a3 Ra2a3i2i3 e
f
k
]
. (6.14)
Then we find that Sa never leave the constraint surface,
S˙a ≈ −Diχia − ω bta Hb ≈ 0 . (6.15)
Finally, the consistency condition of T aij gives
(d+1)d(d−1)
2 algebraic equations for
d2(d+1)
2 unknown
functions Uaij = U
ab
j ebi,
0 ≈ T˙ aij ≈ Rabij ebt + Uaji − Uaij . (6.16)
This form is the same as in five dimensions, so we skip the detailed analysis (4.31)–(4.36) and
conclude that the antisymmetric parts Ua[ij] of the multipliers are solved, Ut(ij) remain unknown
and the other are not independent due to the Bianchi identity. The final expression for Uabi is
given by Eq. (4.37). The result for the coefficients U can be summarized as
Multiplier Uµij : Ut[ij] , Ut(ij) ,
AU kij ,
SU kij ,
TU kij ,
d2(d+1)
2 components :
d(d−1)
2
d(d+1)
2 d d
d(d2−d−4)
2
Solved by : T˙ 0ij arbitrary T˙[ijk] Bianchi Bianchi.
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Solutions of Ut(ij) depend on the equation χ
i
a = 0 given by Eq. (6.12), which after using (4.37)
becomes
M i(jm)a Utjm = A
i
a . (6.17)
The tensor M has the form (4.41). This is the d (d+ 1) × d(d+1)2 matrix of order p − 1 in the
Riemann tensor. The non-homogenous part of the equation, on the other hand, is
Aia = Σ
i
abe
b
t +
1
2
Ωijabce
kbelcRtjkl . (6.18)
Higher-order dependence of M in the curvature means that its rank can change throughout the
phase space. When Λ 6= 0, there is always the region of Γ∗ where the rank of M is maximal,
that is d(d+1)2 which enables to solve all
d(d+1)
2 coefficients Ut(ij). This completes the constraint
analysis, which has the same structure as in five dimensions. Arbitrary multipliers are associated
with the first class constraints, and the rest are second class constraints.
Therefore, we have N = (d+1)
2(d+2)
2 fundamental fields (e
a
µ, ω
ab
µ ) in the PL gravity on the
reduced space, N1 = (d+ 1) (d+ 2) first class constraints (Ja, Jab, π
t
a, π
t
ab) and N2 = d
2 (d+ 1)
second class constraints (T˜ aij , φ
i
a, φ
i
ab). Therefore, the number of physical fields in the bulk in
this particular background is
N∗ =
(d+ 1) (d− 2)
2
. (6.19)
In other background we can have less degrees of freedom, so that the number of degrees of
freedom in a higher-dimensional PL gravity is 0 ≤ N∗ ≤ (d+1)(d−2)2 . The first class constraints
and gauge generators have the same form as before, only the matrix M and the tensor Aaµ that
appear in (4.40) are of order p− 1 in the curvature and we will not write them explicitly – it is
straightforward to repeat the previous calculation here.
7 Discussion
We performed a Hamiltonian analysis of the Pure Lovelock (PL) gravity in any dimensionD ≥ 5.
This Lovelock gravity is not a mere correction of the Einstein-Hilbert theory because it does
not even contain the linear term in the scalar curvature. Instead, its kinetic term is described
by a p-th order polynomial in the Riemann tensor such that the equations of motion remain of
second order in the metric. When the cosmological constant is included, the PL gravity has the
unique dS and/or AdS vacuum.
The first order formalism was used to deal with non-linearities involved in the theory. We
ensured that space-time is Riemannian by introducing the constraint that forced the torsion to
vanish.
The detailed analysis revealed that the number of symmetries and degrees of freedom in
this theory depends on the background. In the generic case, which include (A)dS space and
spherically symmetric, static black holes, the theory contains D(D − 3)/2 degrees of freedom,
which is the same as in General Relativity. But in contrast to Relativity, a change of the
background can increase an amount of local symmetries in the theory and convert previously
physical fields into nonphysical ones, leading even to a topological theory (with no degrees of
freedom in the bulk). This is typical for Lovelock theories. In the PL case, this change of
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degrees of freedom is kept under control through the matrix M , whose rank can be between 0
and D(D − 1)/2, what yields between 0 and D(D − 3)/2 degrees.
A constraint analysis probes a number of physical components of the metric field gµν , which
is directly related to the Riemann tensor. Its relation to the PL Riemann tensor is indirect and
not anchored to any metric or connection in a straightforward way. What turns out is that the
maximum possible number of physical fields does not depend on a particular Lovelock theory, as
was pointed out earlier in Ref. [16]. It reflects the fact that so long as the equations of motion are
second order, the metric degrees of freedom would be the same for Einstein as well as Lovelock
theories.
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A Conventions
We use the signature of the Minkowski metric ηab = diag(−+++ · · ·+).
The Levi-Civita symbols in d+ 1 and d dimensions are defined by
dxµ1 ∧ · · · ∧ dxµd+1 = ǫµ1···µd+1 dd+1x , ǫti1i2···id = ǫi1i2···id . (A.1)
The generalized Kronecker delta of rank s is constructed as the determinant
δν1···νsµ1···µs =
∣∣∣∣∣∣∣∣∣
δν1µ1 δ
ν2
µ1 · · · δνsµ1
δν1µ2 δ
ν2
µ2 δ
νs
µ2
...
. . .
δν1µs δ
ν2
µs · · · δνsµs
∣∣∣∣∣∣∣∣∣
. (A.2)
If the range of indices is D, a contraction of k ≤ s indices in the Kronecker delta of rank s
produces a delta of rank s− k,
δν1···νk···νsµ1···µk···µs δ
µ1
ν1 · · · δµkνk =
(D − s+ k)!
(D − s)! δ
νk+1···νs
µk+1···µs . (A.3)
Other identities involving the Levi-Civita symbol and the generalized Kronecker delta are
ǫν1...νd+1ǫ
µ1...µd+1 = −δµ1...µd+1ν1...νd+1 ,
ǫa1···ad+1e
a1
µ1 · · · e
ad+1
µd+1 = |e|ǫµ1...µd+1 , (A.4)
where |e| = det[eaα].
21
References
[1] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12, 498 (1971).
[2] C. Lanczos, “The four-dimensionality of space and the Einstein tensor”, J. Math. Phys. 13
(1972) 874.
[3] J. T. Wheeler, “Symmetric Solutions to the Gauss-Bonnet Extended Einstein Equations,”
Nucl. Phys. B 268, 737 (1986).
[4] J. T. Wheeler, “Symmetric Solutions to the Maximally Gauss-Bonnet Extended Einstein
Equations,” Nucl. Phys. B 273, 732 (1986).
[5] N. Dadhich, J. M. Pons and K. Prabhu, “On the static Lovelock black holes,” Gen. Rel.
Grav. 45, 1131 (2013) [arXiv:1201.4994 [gr-qc]].
[6] R. Troncoso and J. Zanelli, “Higher dimensional gravity, propagating torsion and AdS gauge
invariance,” Class. Quant. Grav. 17, 4451 (2000) [hep-th/9907109].
[7] J. Crisostomo, R. Troncoso and J. Zanelli, “Black hole scan,” Phys. Rev. D 62, 084013
(2000) [hep-th/0003271].
[8] M. Banados, C. Teitelboim and J. Zanelli, “Dimensionally continued black holes,” Phys.
Rev. D 49, 975 (1994) [gr-qc/9307033].
[9] R. G. Cai and N. Ohta, “Black Holes in Pure Lovelock Gravities,” Phys. Rev. D 74, 064001
(2006) [hep-th/0604088].
[10] R. Gannouji and N. Dadhich, “Stability and existence analysis of static black holes in pure
Lovelock theories,” Class. Quant. Grav. 31, 165016 (2014) [arXiv:1311.4543 [gr-qc]].
[11] N. Dadhich, J. M. Pons and K. Prabhu, “Thermodynamical universality of the Lovelock
black holes,” Gen. Rel. Grav. 44, 2595 (2012) [arXiv:1110.0673 [gr-qc]].
[12] L. Ara´nguiz, X. M. Kuang and O. Miskovic, “Topological black holes in Pure Gauss-Bonnet
gravity and phase transitions,” arXiv:1507.02309 [hep-th].
[13] X. O. Camanho and N. Dadhich, “On Lovelock analogues of the Riemann tensor,”
arXiv:1503.02889 [gr-qc].
[14] N. Dadhich, “The gravitational equation in higher dimensions,” in Relativity and Grav-
itation: 100 years after Einstein in Prague, eds J. Bicak, T. Ledvinka (Springer, 2013),
[arXiv:1210.3022 [gr-qc]].
[15] N. Dadhich, “A discerning gravitational property for gravitational equation in higher di-
mensions,” arXiv:1506.08764 [gr-qc].
[16] C. Teitelboim, J. Zanelli, “Dimensionally continued topological gravitation theory in Hamil-
tonian form,” Class. Quantum Grav. 4 L125 (1987).
22
[17] M. Ban˜ados, L. J. Garay and M. Henneaux, “The Local degrees of freedom of higher
dimensional pure Chern-Simons theories,” Phys. Rev. D 53, 593 (1996) [hep-th/9506187].
[18] M. Ban˜ados, L. J. Garay and M. Henneaux, “The Dynamical structure of higher dimensional
Chern-Simons theory,” Nucl. Phys. B 476, 611 (1996) [hep-th/9605159].
[19] J. Saavedra, R. Troncoso and J. Zanelli, “Degenerate dynamical systems,” J. Math. Phys.
42, 4383 (2001) [hep-th/0011231].
[20] G. Giribet, N. Merino, O. Miskovic and J. Zanelli, “Black hole solutions in Chern-Simons
AdS supergravity,” JHEP 1408, 083 (2014) [arXiv:1406.3096 [hep-th]].
[21] O. Miskovic and J. Zanelli, “Dynamical structure of irregular constrained systems,” J.
Math. Phys. 44, 3876 (2003) [hep-th/0302033].
[22] S. Deser and X. Xiang, “Canonical formulations of full nonlinear topologically massive
gravity,” Phys. Lett. B 263, 39 (1991).
[23] S. Carlip, “The Constraint Algebra of Topologically Massive AdS Gravity,” JHEP 0810,
078 (2008) [arXiv:0807.4152 [hep-th]].
[24] M. Blagojevic and B. Cvetkovic, “Canonical structure of topologically massive gravity with
a cosmological constant,” JHEP 0905, 073 (2009) [arXiv:0812.4742 [gr-qc]].
[25] O. Miskovic and R. Olea, “Background-independent charges in Topologically Massive Grav-
ity,” JHEP 0912 (2009) 046 [arXiv:0909.2275 [hep-th]].
[26] M. Blagojevic´, Gravitation and Gauge Symmetries (Institute of Physics Publishing, Bristol,
2002), pp. 522.
[27] I.A. Nikolic´, “Dirac Hamiltonian formulation and algebra of the constraints in the Einstein-
Cartan theory,” Class. Quantum Grav. 12 (1995) 3103–3114.
[28] M. Blagojevic, I. Nikolic and M. Vasilic, “Local Poincare Generators in the R + T 2 + R2
Theory of Gravity,” Nuovo Cim. B 101, 439 (1988).
[29] L. Castellani, “Symmetries in Constrained Hamiltonian Systems,” Annals Phys. 143, 357
(1982).
[30] R. Banerjee, H. J. Rothe and K. D. Rothe, “Hamiltonian approach to Lagrangian gauge
symmetries,” Phys. Lett. B 463, 248 (1999) [hep-th/9906072].
[31] R. Banerjee and D. Roy, “Poincare gauge symmetries, hamiltonian symmetries and trivial
gauge transformations,” Phys. Rev. D 84, 124034 (2011) [arXiv:1110.1720 [gr-qc]].
23
